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Abstract

Gaussian approximating functions are used for the solution of the volume integral equation of thermo- and electro-
statics for a medium with isolated inhomogeneous inclusions. These functions essentially simplify the construction of
the final matrix of the system of linear algebraic equations to which the problem is reduced after the discretization. The
method is developed for the solution of 2D and 3D problems and the numerical results are compared with the exact
solutions of the problems for spherically layered inclusions. The so-called Edge Gaussian approximating functions are
proposed for the improvement of the numerical solution near the borders of the inclusions.
© 2003 Elsevier B.V. All rights reserved.

Keywords: Composite material, Thermo- and electro-static field; Gaussian approximating function; Collocation method; Layered
inclusion

1. Introduction

A class of composites that consist of a homogeneous matrix and a set of isolated inclusions (matrix
composites) is widely used in a variety of applications. Calculation of physical fields in such composites is
an important problem of the theory of inhomogeneous media. When a medium with an inhomogeneous
inclusion of complex geometry is subjected to an arbitrary external field, the physical fields in such a
medium may only be numerically calculated. The finite element method is not useful in this case because the
matrix (background medium) occupies a much larger region than the inclusions. It is shown to be more
appropriate to reduce the problem to the solution of the volume integral equations for the fields inside
inclusions [1] and then to use numerical means of solving these equations.

The conventional numerical solutions of the volume integral equations are based on the following
procedure. The region of integration is divided into a finite number of subregions and unknown functions
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(i.e., the components of the fields inside the inclusion) are approximated by standard (typically polynomial
or spline) functions in every subregion (see, e.g. [2]). After applying the method of moments or the col-
location method, the problem is reduced to the solution of a finite system of linear algebraic equations for
the coefficients of the approximation. The components of the matrix of this system are integrals over the
subregions. For problems of thermo- and electro-statics, these integrals are singular, and the complexity of
their calculations depends on the type of approximating functions utilized and the geometry of the sub-
regions. If standard approximating functions are used, a great portion of the computer time is spent in
calculating these integrals.

In this study, a class of Gaussian approximation functions is used for the numerical solution of the
volume integral equations of thermo- and electro-statics of inhomogeneous media. The idea to use these
functions for the solution of a wide class of integral equations of mathematical physics belongs to V.
Maz’ya. The theory of approximation by Gaussian functions was developed in the works of Maz’ya [3,4]
and Maz’ya and Shmidt [5], the multiresolution analysis based on Gaussian functions was proposed in
Maz’ya and Shmidt [6]. These functions were used for the solution of the integral equations of static and
dynamic elasticity and electromagnetic diffraction problems in [7-9].

The use of the Gaussian approximating functions for the numerical solution of the problems under
consideration has the following main advantage. The action of the integral operators of the problems in
hand on such functions may be presented in a simple analytical form. As a result, the time for the cal-
culation of the matrix of the linear system obtained after the discretization of the problem, is essentially
reduced in comparison with the methods where conventional approximating functions are used. One should
note that the main drawback of using the Gaussian functions for approximation of fields inside a compact
region is that everyone of such functions will have a non-compact support. As a result, the main error of
this approximation appears in the close vicinity of the border of the region where the fields are calculated.
To improve the approximation near the borders, the so-called Edge Gaussian functions are introduced in
this work. They are equal to zero outside the region occupied by the inclusion. It is shown that the action of
the integral operators of the thermo- and electro-static problems on the Edge Gaussian functions is a
combination of a finite number of standard functions. The latter may be simply tabulated, kept in the
computer memory, and used for the solution of a wide class of the problems under consideration.

The present article is structured as follows.

The volume integral equations of thermo- and electro-statics and the properties of their solutions are
considered in Section 2. Section 3 deals with some classes of analytical solutions of these equations. The
case of a medium with a spherically symmetric inclusion subjected to a constant external field is considered
here. Section 4 discusses the main properties of the approximations using the Gaussian functions and the
Edge Gaussian functions. Section 5 presents the solution of the volume integral equations of thermo- and
electro-statics in 2D-case using the Gaussian approximating functions. It is shown there, that if the pure
Gaussian functions are used for the approximation of the solution, the elements of the matrix of the dis-
cretized problem obtained by the collocation method will have simple analytical forms. However, if the 2D-
Edge Gaussian functions are used for the approximation, the components of the matrix of the discretized
problem turn out to be combinations of two standard one-dimensional integrals that depend on three non-
dimensional parameters. For small values of the parameters these integrals are tabulated and kept in the
computer memory. Asymptotic expressions of these integrals for large values of parameters have forms of
simple elementary functions. Examples of the numerical solutions of 2D-problems for layered inclusions
and for inclusions with continuous property varying along the radius are presented in the same section. The
numerical solutions are compared with the exact solutions of these problems.

In Section 6, the method is extended to the 3D-case. The action of the integral operator of the 3D-
problems on the Gaussian and Edge Gaussian functions are obtained here. Similar to the 2D-case, the
elements of the matrix of the discretized problem have simple analytical forms if the Gaussian functions are
used for approximation. For the Edge Gaussian functions, such elements are combinations on some
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standard integrals that depend on non-dimensional parameters. These integrals may be tabulated for small
values of these parameters and will have simple asymptotic expressions for their large values. The numerical
solutions of 3D-problems for spherically layered inhomogeneous inclusions are obtained and compared
with the exact solutions of these problems in this section.

The final conclusions and the discussion of the area of application of the method are presented in
Section 7.

The proposed method of the solution of the electro- and thermo-static problems for spherically layered
inclusions is described in Appendix A.

2. The volume integral equations of thermo- and electro-statics for a homogeneous medium with an isolated
inclusion

Let us consider an infinite homogeneous medium with the tensor of dielectric permittivity C,y containing
an inhomogeneous inclusion with the dielectric permittivity C(x). The inclusion occupies region ¥ with the
characteristic function V(x): V(x) = lifx € ¥, V' (x) = 0if x € V. Here, x is a point of the medium with the
Cartesian coordinates (x1,xy,x3). If an external electric field Eq(x) is applied to the medium, the electric field
E(x) in the medium including the inclusion, satisfies the following integral equation [1]:

/ xX)Cij(X)E(x") dx" = Epi(x), (2.1
where C,(x) = C(x) — Cy,
Kii(x) = —0,0,G(x), 0= g (2.2)

Here G(x) is the Green function of the homogeneous medium with the dielectric permittivity Cy. G(x) is the
diminishing at infinity solution of the following equation:

0;C0;j0;G(x) = —0(x), (23)

where J(x) is Dirac’s delta-function. Summation with respect to repeating indexes is implied here. The
electric displacement field Z(x) in the medium is defined as Z(x) = [Cy + C;(x)¥ (x)] - E(x) and satisfies the
equation similar to Eq. (2.1)

Z() + / S — ¥ )Bis (V) () d = Zo(x). (2.4)

Here, B;(x) = B(x) — By, B(x) = C'(x), By = Cgl, Zy(x) = Cy - Eo(x), and the dot represents the scalar
product of vectors and tensors,

Sij(x) = Coijo(x) — CouKi (x) Co- (2.5)

Note that Eq. (2.4) is a consequence of Eq. (2.1) and vice versa.

In the case of thermo-static problems, vector E(x) has another physical meaning. It is the gradient of the
temperature field 7'(x) (E;(x) = —0,T(x)), Z(x) = C(x) - E(x) is the heat flux, and C(x) is the tensor of the
coefficients of thermo-conductivity. But the equations for these quantities will have the same forms (2.1)
and (2.4).

The integral operators with the kernels K(x) and S(x) in Eqs. (2.1) and (2.4) are pseudo-differential
operators with the following symbols (Fourier transforms of the functions K(x) and S(x))
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Ki(k) = ik

- S:(k) = Coi; — CoitKim (k) Comi- 2.6
Co e (k) = Coij — CourKim(k) Conm (2.6)

These symbols are homogeneous functions of the order zero with respect to the vector parameter k£ of the
Fourier transform. The action of these operators on a smooth function f(x) with a finite support is defined
as follows (see [10,11]):

(Kf)(x) = /K(x —x)f(x)dx" = af (x) + v.p. / K(x — )/ (x') dx’, (27)
(&N@:/S@—£MWMﬂ:#m+vp/SQ—ﬂﬂﬂwﬂ (2.8)
Here v.p. [ ... dx is the Cauchy principal value of the integral. Constants a and s have the forms [11]
1 - 1 -
a= m /Ql K(k) dk, S = m o S(k) dk, (29)

where Q; is the surface of the unit sphere in k-space of the Fourier transforms, mes(€;) is the area of this
sphere.

If f(x) is a smooth function with a non-compact support that tends to zero faster than any negative
power of |x| (class S), the action of the operator K and S on such a function may be presented in the
following forms:

/ / /_; 1 s xp(—ik - x

(Kf)(x) = / K(s =)/ ()¢ = / K ()7 (k) exp(—ik - x) dk, (2.10)
/ ’ /7# o 3 xp(—ik - x

(S£)(x) = / (e =) = g / S (k) (k) exp(—ik - x) dk, (2.11)

where d is the space dimension. Importantly, the right-hand sides of these equations exist as ordinary
integrals.

It should be noted that Egs. (2.1) and (2.4) are in fact the equations for the fields E(x) and Z(x) inside the
region V occupied by the inclusion. The fields in the matrix medium may be reconstructed from Egs. (2.1)
and (2.4), if the fields inside the region V' are known. Mikhlin [10] discussed in detail the conditions for the
existence and uniqueness of the solutions of Egs. (2.1) and (2.4). In short, the unique solutions of these
equations exist if the determinants of the main homogeneous part of the symbols of the operators in the
left-hand sides of these equations are not degenerated inside V. The latter is true, if C(x) # 0, oo inside V. If
C(x) =0 (C; = —Cy), the homogeneous equation (2.1) has a class of non-trivial solutions. Similarly, if
C(x) — oo (i.e., B| = —By), the homogeneous equation (2.4) will have non-trivial solutions. As a result, the
numerical solutions of the Egs. (2.1) and (2.4) for very small or very large C(x) turn to be ill-posed
problems.

The solutions of Egs. (2.1) and (2.4) should jump on the border Q of region V. Similarly, E(x) should
jump on the surfaces were the function C(x) has discontinuities inside V. The jump of the function E(x) on
Q satisfies the following equation [11]:

Ef(x) —E (x) =K(n) - C,(x)-E"(x), xeQ, (2.12)

where E* (x) is the limit value of the field E(x) when x — @ and x is inside the region ¥, E™(x) is the same
limit of E(x) when x — Q from outside ¥, n is the external normal to Q at point x. Function K(n) is defined
in Eq. (2.6).
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3. Some analytical solutions of the integral equation (2.1)

In the case of a homogeneous ellipsoidal inclusion and a polynomial external field Ey(x), the solution of
Egs. (2.1) and (2.4) may be found in a closed analytical form. According to the polynomial conservativity
theorem, a polynomial external field induces a polynomial polarization field inside any ellipsoidal inclusion.
The method of constructing this field is discussed in [11].

Another class of analytical solutions may be constructed for a spherically symmetric inclusion subjected
to a constant external field Ey [12]. Let us consider an isotropic medium with a spherical and isotropic
inclusion centered at the origin of the Cartesian coordinate system. The dielectric properties of the inclusion
depend only on the distance from the origin Cj;(x) = ¢(|x|)J;;. Here, J;; is the Kronecker symbol. In the case
of a constant external field E,, the electric field E(x) in the medium and inclusion takes the form (see
Appendix A):

Ei(x) = Eo+Ay(r.mEyy, v =1, ny ==, (3.1)
d
Ay(r,n) = (65 + mn;D)o(r), D= "4 (3.2)

The scalar function o(r) satisfies some ordinary differential equation of the second order (see Appendix A).
In the case of a spherically layered inclusion, the function c(r) is a stepwise constant function (c(r) = ¢ if
a1V < r<a?, aY and a® are internal and external radii of the ith layer), and the function «(r) inside the
ith layer takes the form

a(r) = Yl(i) + Y2<i>r_d, dV<r<ad? i=1,2,..., (3.3)

where )’l(i), Yzm are constants and d is the dimension of the space.

The algorithms for the construction of all the constants Ylm, Yz(i) in 2D and 3D-cases are described in
Appendix A. Using these algorithms, the solutions of the problem for the inclusion with a continuous
property varying along the radius may be obtained by a stepwise constant approximation of the original
function ¢(r). The solution of the last problem converges to the solution of the continuously varying c¢(r)
problem, when the number of the layers tends to infinity in such a way that the maximal thickness of the
layers tends to zero.

4. Gaussian approximating functions

The class of Gaussian approximating functions proposed in [3-6] will be used for the numerical solution
of Egs. (2.1) and (2.4). Let u(x) be a scalar function in d-dimensional space R?. Assuming that u(x) and its
first derivative are bounded, u(x) may be approximated by the following series:

u(x) = uy(x) = Z Un@(x —hm), @)= W exp (—%) (4.1)

meZ?

Here m € Z? is a d-dimensional vector with integer components, #m are the coordinates of the nodes of this
approximation and # is the distance between the neighboring nodes, u,, = u(fm) is the value of the function
u(x) at the node x = hm, and H is a dimensionless parameter. It is demonstrated in [3-5] that the following
estimation holds:

() — s (x)| < Bh||Vull + [u(x)|R(H), R(H) = O(exp(—n’H)). (4.2)
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Here || Vu|| is the norm in the space of continuous functions, f = O(1). If 4 is sufficiently small, the error of
the approximation (4.1) may be made negligible by the appropriate choice of the parameter H (H = O(1)).
The properties of this approximation were discussed in detail in [3-5].

Approximation (4.1) may be used for a wider class of functions, but the errors of the approximation may
increase if the function does not satisfy the above-mentioned conditions. One of the causes of these errors is
connected with non-compact supports of all the functions ¢(x — #m) in Eq. (4.1). This fact, strictly
speaking, does not allow to approximate the functions with a compact support by the series in Eq. (4.1).
Thus, the solutions of the integral equations (2.1) and (2.4) that should be constructed in a compact region
V, will have an inevitable error if approximation (4.1) is used. Let consider the peculiarities of the
approximation (4.1) in 1D-case for a function v(x) that has a finite support

_ 1R <L
() = {o, | > 1. (43)
The approximation (4.1) of this function is shown to be:
1 N+1 '  — x() 2
vp(x) = — ;v(xm) exp | — % (4.4)
and is presented in Figs. 1(a) and (b) for various values of the parameters H and 4. The coordinates of the
nodes are chosen at points x) = —1 4+ k(i —1),i=1,2,... N+ 1; h =2/N , where N + 1 is the number of

nodes inside the interval [—1, 1]. The bold solid lines in Figs. 1(a) and (b) are the function (4.3). The three
thin lines in Fig. 1(a) correspond to 4 = 0.2 and different values of # = 2; 1; and 0.3. The three thin lines in
Fig. 1(b) correspond to different values of # = 0.1; 0.2; and 0.05 and for # = 0.7. It is seen from this figure
that the Gaussian approximation functions satisfactorily describe v(x) in the middle region of the interval
[—1,1] and near its left end (x = —1), where v(x) tends to zero. In the neighborhood of the right end of the
interval, (x = 1), where v(x) has a finite jump, the error of the approximation (4.4) is maximal. This error
decreases with decreasing values of # and H, but for H < 0.5, the error of the approximation in the middle
region of the interval grows dramatically (see oscillation of v,(x) for H = 0.3 in Fig. 1(a)).

In order to improve the quality of the approximation (4.1) near the right end of the interval [—1, 1] let us
introduce the Edge Gaussian function defined by the equation

1 X .
B(x,b) = MCXP( H;,z), x<b; (4.5)
0, x> b.

5 v(x) H=0.7
vix) h=0.2 H=03 2

(a) -15 -1 -05 0 05 1 X (b) -1.5 -1 -0.5 0 05 1 X

Fig. 1. Approximation of the function v(x) = (1 +x3), |x|<1; v(x) = 0, |x| > 1 by the Gaussian functions.
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Function

N+1

Bu(x) = > _ o) [sign(x) (x —x7),60], B0 =1 x| (4.6)

i=l1

coincides with function v, (x) in Eq. (4.4) inside the interval [—1, 1] and is equal to zero outside it. Here, " is the

shortest distance of the node x”) from the ends of the interval [—1, 1]. Thus, the Edge Gaussian function (4.5)

allows to cut the approximation (4.4) inside the region, where the original function is not equal to zero, and

essentially improve the approximation of the considered function in the neighborhood of the right end of the

interval. (The thin lines inside the interval [—1, 1] in Fig. 1(b) correspond to 7,(x), and v,(x) = 0if |x| > 1.)
In the 2D and 3D-cases, the Edge Gaussian functions may be introduced as follows:

1 _ b )
®(x,b) = { iy P ( 12 ) Ya S by (4.7)
0, xg > b,

where |x| = \/ZZ=1 x? and d is the dimension of the space. The proper use of the Edge Gaussian functions
necessitates the introduction of a local Cartesian coordinate system at every node x). The axis x, of this
system should coincide with the direction of the shortest line connecting the ith node to the border Q of the
region V, where the approximating function is not equal to zero. b is the length of this line. An arbitrary
function u(x) may be approximated by the Edge Gaussian functions in the form:

M

u(x) = Y ul e ((c—xV),, . (= x),,60), (4.8)

i=1

where (x —x), (j=1,...,d) are the coordinates of vector x — x in the local basis of the ith node. The
detailed formulations of these approximations in the 2D and 3D-cases are presented in Sections 5 and 6,
below.

5. Numerical solution of Eq. (2.1) in the 2D-case
5.1. Gaussian approximating functions

Let an infinite isotropic 2D-medium with the dielectric permittivity ¢y contain an inclusion in the region
V with the dielectric permittivity ¢(x). The solution of the integral equation (2.1) inside this region could be
found in the form similar to (4.1) as:

(5.1)
1 ¥’
EV =Ex"), o) = —Zexp | = | XD e,

Here x(") is a set of nodes homogeneously distributed in the region 7. After substituting approximation (5.1)
into Eq. (2.1) one obtains the following equation:

M

M
Z E([)q)(x - x(l)) + Z I(x — x(l))c(ll) CEY = E(x), c<lm) = c(x(’”)) — ¢, (5.2)

=1 =1
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, 1 kik; HR K
/ x—x )dx _FI{CO Wexp <— 4 — ik -x | dk. (53)

Egs. (2.10) and (2.6) are used for the definition of the operator K in Eq. (2.1). After calculating the
integrals in the right-hand side of Eq. (5.3), the tensor I(x) is obtained in the form:

2x,~ n _é
h\/ﬁ? i |C‘,

cbl(ICI):n'ZC2 1—exp< P )] (5.5)

a [, I1ef <&
(L)) = T _<1+T> eXp <_T> —11- (5.6)

The system of equations for the unknowns E" = E(x™) follows from Egs. (5.1) and (2.1), if the latter is
to be satisfied in all the nodes x™ (collocation method). As a result, the system of linear algebraic equations
for the components of the vectors E™ is obtained in the form

14(3) = 5 (1003 + @(chmn. = (5.4)

M
1 ml ml ] m
> B +Z[< AR e = E, (5.7)
=1
- X Ng 1) (1)
S E o —x0)+ 3 A + aGED| < . (5.8)
=1 =1
Here Ef)f) = Ep;(x"), i =1,2; the elements of the matrixes 4;;, 4,2, and 4, are as follows:
2
(m) (1)
20\ (Cl - )
(ml) _ £¢1 (m) __ #(I) (m) _ #(I)
A= ey | P ('C ¢ |> * ¢2(|C : ‘) i O |’ (59)
(m) () (m) ()
(¢ -e0) (& -)
(ml) __ 1 (m) N () — 4(mD)
A = He, ¢2(|C ¢ |) M(m) _ C</>|2 =4y, (5.10)
2
(m) (1)
2\ (52 -G )
(ml) __ =1 (m) (m) _ #() /__
The system (5.4) may be written in the canonical form as:
BX =F, (5.12)

where the vector of unknowns X of the dimension 2M is defined by the equation

) .
xo =y EL o LSpS M (5.13)
EVM. M <p<oM
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and vector F has the form

() <p< .
Fo = Eor o TSPSM: (5.14)
EGM™, M <p<oM.

The B in Eq. (5.12) is the following block-matrix of the dimension (2M x 2M)

Y+ A4, A

5.15
A V+A45| (5.15)

|

P — va(ml)H’ pml) _ (p(x(m) —x(l)).

As it is seen from Egs. (5.5), (5.6), (5.9)—(5.11), the elements of the matrix B have simple analytical forms.
They are expected to be constructed much faster than the elements of the corresponding matrix when
conventional approximating functions are used for the solution of the problem under consideration.
Construction of the elements of B in the latter case involves numerical calculations of integrals over
subareas.

The results of the calculation of the electric field in the medium with a circular inhomogeneous inclusion
of a unit radius are presented in Fig. 2. The medium has dielectric permittivity ¢y = 1 and the dielectric
properties of the inclusion changes along the radius according to a parabolic law: ¢;(r) = ¢(r) — ¢y = 1072
The components of the constant external field applied to the medium are Ey; = 1, Ep, = 0. The bold solid
lines in Fig. 2 are the exact solutions of the problem obtained by the method described in Appendix A. The
thin lines are the numerical solutions constructed for a square node grid inside the circle |x| < 1 with the step
h between the neighboring nodes. The graphs in Fig. 2(a) correspond to H = 0.7 and # = 0.2 (M = 81),
h=0.1 (M =317), and h = 0.05 (M = 1257). The graphs in Fig. 2(b) correspond to H = 2 and the same
values of 4. The left parts of these graphs are the dependences £, (0,x;) on x, (x; = 0), the right parts are the
dependences E(x;,0) on x; (x; > 0). It is seen in these graphs that numerical solutions converge to the
exact one with grid refinement. Again as it was pointed out in Section 4, the main error of the numerical
solutions concentrates in the neighborhood of the border of the inclusion because of a non-finite support of
the assumed Gaussian approximating functions.

H=0.7

h=0.2

h=0.2

h=0.1
h=0.1

h=0.05
| — h=0.05

' 1 5 ! 1

(a) X2 08 04 0 0.4 08 X1 (b) X2 08 04 0 04 08 X1

h=0.05

Fig. 2. Electric field E; (x;,0) and E(0,x,) inside the circular inclusion of unit radius with a parabolic distribution of dielectric per-
mittivity along the radius (c(r) = 1 + 10s?), a constant electric field (E, = e,) is applied along x;-axis. The thin lines are the numerical
solutions using the Gaussian approximating functions, the bold lines are the exact solution.
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5.2. Edge Gaussian functions
To improve the solution near the border of the region ¥, let us introduce 2D-Edge Gaussian functions
defined similarly to functions @ (x,a) in Eq. (4.7):
X2+ 2

B (x,b) = ¢ (x1,x2,b) = eXp( th)’ n<b; (5.16)
0, Xy > b.

If these functions are used for the approximation of the electric field E(x) inside region V, one has to define
a local Cartesian basis (eg ), e(z)) at every ith node and calculate the shortest distance b of this node from
the border Q of the region V. Unlt vector e2 of this basis has the direction of the out51de normal to Q at
point xo € Q, and therefore, x0 is the point of the border with the shortest distance 4 from the node x'
The global coordinates of all the nodes, the orientation of their individual local bases and the corre-
sponding distances b are the necessary initial data for the numerical solution in this case.

If point x has coordinates (x — x),, (x — x), in the local basis of the ith node, the electric field E in this
point may be approximated as follows:

XM:( el + @l e2)q;((x_x<f>)l,(x_x<f>)2,b<f>). (5.17)

i=1

Here €\, €\ are the components of the electric field in the local basis of the ith node.
The result of the action of the operator K on the function ¢ (x;,x,,5) in Eq. (5.16) may be obtained from
Eq. (2.10), taking into account that the Fourier transform of @ (x;,x,,b) has the following form:

2

o (ki ko, b) = % exp(—i2)fo(ka, o), foli, ) = 1 + Erf(g - iK2)7 o = %x/ﬁhk,—,

2
K =10 +K, a=—0>b i=V-l. 5.18
1 1 \/ﬁh ( )
Here Erf(z) fo exp(—#*)dt is the error-function.

After calculatlon of the integrals in Eq. (2.10), the following result is obtained

I(x) = / K(x — X)X, b) d’

1
—H[Jll(C7“)91 ®e +Jn(l a)(e;®e; + € ®er)+Jn(l,0)e @ el (5.19)

Here (e, e,) is the fixed Cartesian basis, { = {,e; + (s, {; = #ﬁy,». Functions Jj;({, @) have forms of the
following integrals:

Jn(la) = 2111 /oo [\/iﬁ exp (— % - k2> — Fi(k, |4 )} Re[fo(k, o) exp( — ik(y)] dk, (5.20)
It = 5 [ Fth e Dl o exp(— ) (s21)

2

(G, ) :%exp (—%)P(a— 5) - Jn (), (522)
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where fi(k, ) is defined in Eq. (5.18), functions Fi, F,, and P in these equations are:

Fik 1) = k[e Exfe (k- 5) + MErfe (k + 2)} (5.23)
Fa(k,1) = k[e *Erfo(k - %) — Mt (k + %)} , (5.24)
Erfe(z) = 1 — Erf(2), (5.25)
P(t) = {(1) s (5.26)

Integrals (5.20) and (5.21) may be calculated numerically and tabulated for small values of the
parameters {;, {,,a. For large values of |{| (|| > 10) these integrals have the following asymptotic forms:

In(C, ) mn%z(l 25 )[1 +Er f( )} (5.27)
Tin(Ey0) ~ 23;2 [1 +Er f( )} (5.28)
In(C,2) zn%c 252) [1 +Er f(z)} (5.29)

Let us introduce the global Cartesian basis (g;, g,). The transformation from the local basis e(li)7 egﬁ of the
ith node to its global basis may be presented in the following form:

(@)
e | _ cos(f”)  sin(p 5.30
el ‘ —sin(p ’ cos( ﬂ(’ (5:30)
where g is the angle between vector g, and e(zi).
In the global basis g;, g,, the electric field E(x) in Eq. (5.17) is presented in the form:
)~ Y (B + BV @ (v = ), (= x0),, ), (5.31)

i=1
(i)

where E\ E{) are the components of the electric ﬁeld in the ith node in the global basis, and
(x —x),, (x — x), are the coordinates of the vector x —x” in the ith local basis.
(x = x), = (01 = x1") cos(B) + (x2 — x3") sin(B?), (532)
(x —x), = *(xz — ) sin(B?) + (x2 — ') cos (7). (5.33)

Here x;,x, and x, X <’)

g, 8,, respectively.
The final linear algebraic systern for the unknowns EY v 2 "in Eq. (5.31) takes the forms (5.12)~(5.15),

where elements of the matrixes A1 e AEZ’I , and A22 are defined as:

are the Cartesian coordinates of the point x and of the ith node in the global basis
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() . ‘ :
AR = [ cos(B0) — 5 sin(ap ) + 50 sin? (67)|, (5:34)
(ml) CY) (ml) (i) 1 (ml) (ml) : (i)
Al =—|Jiy cos(2p )+_<J11 —Jn )s1n(2[f )| (5.35)
C()H 2
(ml) Cgl) (ml) o+ 020 (i) (ml) o (i) (ml) 2 ()
A" = S sin’ (87) + 3" sin(2p7) + 72" cos’(5). (5.36)

Here J") = J,((™ — (" a®), functions J,,({,x) are defined in Egs. (5.20)-(5.29), and (" — (" is
dimensionless vector of the mth node in the local basis of the /th node.

The results of the numerical solutions of the problem for the inclusion with the parabolic property
variation, with the help of the Edge Gaussian functions are presented in Figs. 3 and 4. Again, the bold solid
lines are the exact solutions of the problem, the thin lines correspond to 4 = 0.2; 0.1; and 0.05. Fig. 3(a)
corresponds to H = 0.7, Fig. 3(b) to H = 2. The results for the same calculations are presented in Fig. 4(a)
for h =0.1 and H = 0.7 and 2, and in Fig. 4(b) for 2 = 0.05 and the same values of H.

3] H=0.7 E1
h=0.2
04
h=0.2
02
h=0.1
h=0.05
(a) x2 08 04 0 04 08 X1 (b) x2 08 04 0 0.4 08 X1

Fig. 3. The same graphs as in Fig. 2. The thin lines are the numerical solutions using the Edge Gaussian approximating functions.

E1 E

(a) x2 08 04 "o 04 08 X1 (b) x2 08 04 "o 04 08 X1

Fig. 4. The same graphs as in Fig. 3. The influence of the parameter # on the numerical solutions.
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E1 3t H=0.7 E1 3l H=2
h=0.05
h=0.1 h=0.05
h=0.1
h=0.05 2 | 2 |
1| 1
h=0.2
(a) X2 0.8 0.4 0 0.4 0.8 X1 (b) X2 -0.8 0.4 0 04 0.8 X1

Fig. 5. Electric field E;(x,0) and E,(0,x,) inside the circular layered inclusion of a unit radius, a constant electric field (Ey = e,) is
applied along x;-axis. Thin lines are the numerical solutions using the Gaussian approximating functions, the bold line is the exact
solution.

E1 3 b H=0.7 E1 3l H=2
h=0.05
h=0.1 h=0.05
h=0.1
h=0.05 2 | 2 |
1| 1
h=0.2
@x 08 04 0 0.4 08 X1 (b)X2 0 04 0 04 08 X1

Fig. 6. The same graphs as in Fig. 5. The thin lines are the numerical solutions using the Edge Gaussian approximating functions.

The distributions of the electric field inside a layered inclusion are presented in Figs. 5 and 6. In this case,
the dielectric permittivity ¢(r) of the medium and the inclusion are defined by the equations

10, 0<r<0.5
c(r)y=<1, 05<r<l; (5.37)
3, r>1.

Jumps in the field E(x) are not only expected on the exterior borders of the inclusion, but also on the interior
border between the layers at » = 0.5. The solid lines in Figs. 5 and 6 are the exact solutions of the problem, the
thin lines correspond to 2 = 0.2; 0.1; and 0.05. The graphs in Fig. 5 are the numerical solutions obtained using
the Gaussian functions (H = 0.7 in Fig. 5(a), and H = 2 in Fig. 5(b)). The graphs in Fig. 6 are the numerical
solutions with the Edge Gaussian approximating functions using the same parameters as above.

6. Numerical solution of Eq. (2.1) in the 3D-case
6.1. Gaussian approximating functions in the 3D-case

In the 3D-case, the basic Gaussian approximating function and its Fourier transform take the forms:
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1 S _ 2
q)(x) :Wexp <_Z>a (p(k) :hsexp (_ K2)7 Ci:mxi, (6 1)
K = @km Cz =G, K= Kk
The action of the operator K on this function is defined by the equation:
1
166) = [ Klr =)o) a2 = o [P (DU + ¥a((cn o, (62)
where U is the two-rank unit tensor, n; = {;/|{|, functions ¥;(|{]), ¥>(|{|) have the following forms:
_ 2 I [§ ¢
)= [(5) e ()] 63
__ 2 I<] 19 I<] £
%(m)_—nm [3E f( > ) \/E<3+ )exp <_Z>]' (6.4)
In the fixed Cartesian basis e;, e,, e; tensor I(x) may be also presented in the form:
1
I(x) = C()H—m]z‘j(@)ei © e, (6.5)
2
Q) = ¥i(|L]) + T2(|§|)—é Dn(8) = Vi (L)) + '1”2(|C|)(:2 (6.6)
C3 _ Cléz
() = (L)) + Y’z(lél) 112(8) = I (0) = P2 () =5~ 2 (6.7)
5(0) = In(0) = VaE) 2, nld) = ) = a(2) 252, (63)
Approximating the electric field E(x) inside the inclusion in the form:
Z E™p(x — x™ (6.9)

and using the collocation method will result the following linear system for the components of the vectors
E"” = E(x™) — the values of the electric field in the nodes x™ (m = 1,2,...,M):

BX =F. (6.10)
Here the matrix-column of unknowns X of the dimension 3M has the form:
EV, 1< M;

x0 — E;I_M)7 M < 1<2M; (6.11)
EVD oM < 1<3M.
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The right-hand side of Eq. (6.10) is defined by the components of the applied field Eq(x)

Ey,  I1<M;
FO =S gy < 1< oM, (6.12)
EVD . aM < 1<3M,

where E\) = Eo,(x").
Matrix B in Eq. (6.10) is the block-matrix of dimension 3M x 3M , composed of sub-matrices 4,; of
dimension M x M

Y+ An Aqp Ay
B = A Y+ 45 Ars (613)
A3 Ay ¥+ Az

and the elements of the matrices ¥ and 4,, have the forms:

()
ml) __ m ! ml) __ € (m) ()
P = (xtm — X0y, 40 —COH3/21rS(C —¢ ) (6.14)
Here, functions ¢(x) and I,({) are defined in Egs. (6.1) and (6.6)—(6.8).

6.2. The Edge Gaussian approximating functions in the 3D-case

In the 3D-case, the basic Edge Gaussian function is defined by the following equations:

1 i x2+x2+x2 .
B(x,b) = (x1, 50,33, b) = { G P ( i ) X3 < b; (6.15)
07 x3 > b.
The Fourier transform of this function has the form:
= n . h/H 2
o (k,b) = > exp(—«?) [1 + Erf(% - 1K3>], K = T\/_k,-, K = Kik;, o= mb. (6.16)
The action of the operator K on the 3D-Edge Gaussian function is presented in the form:
I(x,5) = / K(x— )3 (¥, b) d
1
= 01_1—3/2 [J()((, a)@ +Jee(€, oc)e X e +Je3((:, a)(e X €3 + €3 X e) +J33(C, a)e3 [024] 83}. (617)
0
Here 0 = ¢, ®e; + e, R ey, e, e, e; are the Cartesian basis in 3D-space,
2 1
(=—=x;, e=——=((1e1 +(s&). (6.18)
hH VisEae
Functions Jp({, o), Jee (¢, ), J3({, ), and J33({, o) are the following integrals:
2 [ - .
Jo(, o) = p / F(, k)Re[exp (— ilsx — 12) fo(x, o) dic, (6.19)
0

Jultia) = =% [ B oRe exp (= iux = )l 0] dr (620)
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Jo3({, ) :% /OOOF](C_, k)kIm[exp (— i3k — &%) fo (i, )] dxc, (6.21)
J3(l ) = % exp (— %)P(a —4) —% /OOCI’TO(C_7 )Im [ exp (— il3x — &) fo(x, )] dx. (6.22)

Here { = \/Cf + C%, functions fy(x, o) and P(¢) are defined in Egs. (5.18) and (5.26). Functions Fy, F, F> are
the following integrals:

2 00 2
R0 =% [ 28 ey (6.23)
A x) :% /0 N KJ;(f?z exp(—)2d1, (6.24)
_ 1 [ I
B x) :E/ %exp(—tz)ﬁdt. (6.25)
0

For small values of the parameter |{| integrals Jy({,a), Jo.({, o), Je3({, &), J33(, ) may be calculated
numerically, tabulated and kept in the computer memory. For large values of || (i.e., |{| > 10) the fol-
lowing asymptotic formulas hold

e e m(3)], e~ 2 [ (3)) (626
ot =25 (1 m (3)]. e~ _Zzﬂ—jfi 1+ (2)): (6.27)

In the Cartesian basis e;, e,, e; the tensor I(x) in Eq. (6.17) is presented in the form:

1
I(X, a) = 001_1—3/2/11'1'()6, a)ei ® €, (628)
§ 8
A]]()C,a) :JG(C;O‘) +Jee(é,a d)?, A22(xaa) :J(;(C,O() +Jee(£ao‘)§a (629)
A, ) = A (,a) = e )55 An(ra) = An(x.0) = ()2 (630)
/123()(,(1) :/132(x,a) —Jﬁ(C,OC)%Z, /133()(?,0) :J33(C,OC). (631)

For the use of the Edge Gaussian functions, the shortest distance 5 from the ith node and the border Q
of the region V" as well as the orientation of the local basis at the ith node should be defined. The direction
of the vector egi) of the local basis should coincide with the normal n” to the surface 2 at point x((f) € Q that
is on the line along the shortest distance from the ith node to that border.
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Let us introduce a global Cartesian basis (g,,g,,g;) and a global spherical coordinate system (6, ¢, r)
with the same origins. The polar axis of the spherical system is directed along vector g;, and ¢ is the angle
between the vector g, and the projection of the vector x on the plane (g,,g,). Let us move the vector n")
normal to the surface @ at point x((,), into the origin of the global spherlcal coordinate system using parallel
transfer, and let the spherical coordinates of the moved vector be (0%, @@ 1). Local Cartesian basis
(e(1 % , eg), eé)) at the ith node is constructed by parallel transferring the basis (ey, e,, e,) of the global spherical

system at point (07, ¢ 1) to the ith node x:
e = e)(0”,07,1), e =e,(07,07,1), e =e,(0", 0", 1) =n". (6.32)
The basis vectors of the local and global Cartesian systems are related by the equations
3 ) 3 —() i
=> Oig. &= 04, (6.33)
k=1 k=1

Where Q,k and Q,k are the components of the matrix Q") and of the matrix 6<i)transposed with respect to
Q). The matrix Q" has the form

. cos 07 cos @ cos 0 sinp®  —sin 0
QY = —sin o cos ¢ 0o | (6.34)
sin 0" cos ) sin 0¥ sin ) cos 6%

The electric field in the inclusion is approximated by the equation:

E(x) ~ ZE“%(()C — x("))17 (x— x(i>)2, (x — x(i>)3, b(i)). (6.35)

i=1

Here (x — x{ ) (j = 1,2,3) are the coordinates of vector x — x in the local basis of the ith node.

After appllcatlon of the collocation method to the solution of the original integral equation the linear
system for the components of the vectors E©) = E(x() in the global basis g,,g,, g, will take the following
form:

M
DB ”+Z H}/z[ AVEY + AVEY + AVEY | = £, (6.36)
j=1
S i) gy (if & CU) TN ) ) ) ) g 0)
DB 1Y S [AVE) + AYE + AVE)| = B, (6.37)
J=1 j=1
Moo M ,
B+ S AR AR+ AY R = 5 (6.3%)
=1 =
Here,
Z Q Akl( - §0)7 O(U))v m,n = 172a 3 (639)

and functions Ay ({,«) are defined in Egs. (6.29)-(6.31).
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The linear system defined by Egs. (6.36)—-(6.38) may be rewritten in the canonical form:
BX =F, (6.40)
where the block-square matrix B of the dimension (3M x 3M) has the form

Y+ A4, A Ay
B = Az Y+ A4y A s (641)
Az A»3 ¥+ Az
& 4w
— iy : 1 —
Apn = H A0 L j<M, mn=1,23 (6.42)

and the components of the matrix ¥ are defined in Eq. (6.14). The components of vectors X and F are:

EY, i <M;
X0 = B M <i<oM; (6.43)
EVM oM < i <3M;

Eg (x1), i< M;
FO = { Ep(xi) M < i<2M; (6.44)
EgM) M < i<3M.

The results of the calculation of the electric field inside a spherical inclusion with the parabolic distri-
bution of the properties (c(r) = 1 + 102, r< 1; ¢(r) = 1, r > 1) are presented in Figs. 7(a) and (b). The
external field is constant and has components £; = 1, E; = F; = 0. The dependences E,(x;,0,0) for x; = 0
are on the right-hand sides of these figures, and the dependences E (0, x,,0) for x, = 0 are on their left-hand
sides. All calculations were carried out using a cubic grid with step 4. The results of the calculations for
values H = 0.7; 1.5; and & = 0.1; 0.2 are presented in these figures by thin solid lines, the bold lines are exact
distributions of the electric field obtained by the method described in Appendix A.

The distribution of the electric field inside a spherical layered inclusion (c¢(r) = 10, 0 << 0.5; ¢(r) = 1,
0.5 <r<1; c(r) =3, r>1)is presented in Figs. 8(a) and (b). The external field has components £, = 1,
E, = F5 = 0 in the global basis. The dependences E| (x;,0,0) for x; > 0 are on the right-hand sides of these
figures, and E, (0, x, 0) for x, > 0 are on their left-hand sides. The results of the calculations for H = 0.7; 1;

E1 H=0.7 E1

=0. =0.1
h=0.1 H=0.7 h=0.

h=0.2
0.4

h=0.2 H=0.7

02 h=0.1

H=15

o " o
©

(a) x2 08 0.4 0 0.4 08 x1  (b) x» 08 0.4 0 0.4 0.8 X1

Fig. 7. Electric field E(x;,0,0) and E;(0,x,,0) inside the spherical inclusion of a unit radius with the parabolic distribution of di-
electric permittivity along the radius (c(r) = 1 + 10?), a constant electric field (Eo = e;) is applied along x;-axis. The thin lines are the
numerical solutions using the Edge Gaussian approximating functions, the bold lines are the exact solutions.
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E1 4 | h=0-1
E1 . |
H=1.25
3t H=0.7
3
) h=0.1—] 2 L
h=0.1 h=1
H=1.25
i L 0.0 L L L 1 G L
(a) x 08 04 0 04 08 X (b) x2 08 04 0 0.4 08 X1

Fig. 8. Electric field £ (x;,0,0) and E; (0, x,,0) inside the spherical layered inclusion of a unit radius, a constant electric field (E, = e;)
is applied along x;-axis. Thin lines are numerical solutions using the Edge Gaussian approximating functions, the bold lines are the
exact solutions.

1.25 and & = 0.1; 0.2 are presented in these figures by thin solid lines, the bold lines are the exact distri-
bution of the electric field.

7. Conclusion

The Gaussian approximating functions are an efficient tool for the solution of the volume integral
equations of the thermo- and electro-static problems for the medium with inhomogeneous inclusions. The
use of these functions has the advantage of fast construction of the matrix of the linear algebraic system
obtained after the discretization of the problem. If the Edge Gaussian functions are used, it is assumed that
the basic functions Jy;({, o), J12(¢, ) in Egs. (5.20)—(5.22) for the 2D-case or functions Jy({,b), J..({, ),
J3(¢, o) and J33(C, o) for the 3D-case are previously tabulated and kept in the computer memory.

However, the numerical accuracy strongly depends on the step 4 of the node grid used in the calculations
as well as on the type of the approximating functions. The accuracy near the border of the inclusion es-
sentially increases if the Edge Gaussian functions are used (comparing Figs. 3 and 4, and Figs. 6 and 7). For
the parabolic distribution of properties inside a circular inclusion of a unit radius, the numerical solutions
at a grid resolution 2 = 0.05 and based on the Edge Gaussian functions practically coincides with the
corresponding exact solutions (see Figs. 4 and 6). The influence of parameter H in the approximations (5.1)
and (5.17) on the accuracy of the numerical solution is more pronounced at relatively large 4 (h > 0.1). At
small 2 (h < 0.05) and 0.5 < H < 2 the numerical solution is not sensitive to A. On the other hand, outside
this range of H, the convergence of the method with respect to / is worse.

If the properties inside the inclusion have a step change (jump), the fields near this jump should be
calculated with sufficient accuracy and, as demonstrated in Fig. 6, relatively small values of the parameter /4
have to be chosen. On the other hand, if some integral characteristics of the fields are the aim of the
calculations (e.g., the mean values of fields over the inclusion), the overall accuracy of the solution will be
less sensitive to the resolution 4, resulting in smaller number of equations and faster calculation times.

The general behavior in the 3D-case is similar to the 2D-case. Signifying achievement of the same ac-
curacy as in the 2D-case (i.e., # = 0.05), will require multiple fold increase in the number of necessary grid
nodes. For instance, for the spherical inclusion of a unit radius and # = 0.05, the number of nodes is
M =32,960, and the matrix B of the discretized system has (3M x 3M) elements. It should be noted that B is
a dense matrix with maximal terms near the main diagonal. It consists of six sub-matrices of dimensions
(M x M) in a block matrix fashion. Although it marginally allows reduction of the volume of the memory
that is necessary to keep matrix B, nevertheless, for the solution 3D-problems, one has to use powerful
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computers with sufficient accessible storage memory. For the problems considered in this study the con-
ditional number of the matrix B turned to be about 10, and LU-decomposition algorithm was extensively
used for the solution of the final linear algebraic systems of the discretized problems.

Note that all calculations carried out in this study were only based on homogeneous grids of nodes. But
non-homogeneous grids may be also used in the framework of the method. The theoretical background of
the approximation by the Gaussian functions and non-homogeneous node grids was developed in [14].

The method developed in this work for the solution of the thermo- and electro-static problems of
composite media may be applied to a wide class of the problems of mathematical physics that are reduced
to volume or superficial integral equations. In particular, the problems of elasticity and elasto-plasticity, the
problems of elastic and electro magnetic wave diffraction on inclusions may be successfully solved with the
help of this class of the approximation functions.
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Appendix A

The equation for the tensor A(x) in the presentation (3.1) of the solution in the case spherically sym-
metric inclusion follows from Eq. (2.1) in the form:

Alx) 4+ (K- c1A)(x) = —(Key) (). (A1)

The action of the operator K on a piecewise smooth function f with a compact support may be presented in
the following form [13]:

&) =5 | : 75 (Kf*) (s, m) d. (A2)
Here r = |x|,n = x/r, f*(s,n) is the Mellin transform of function f(r,n) in respect with argument r,
f*(s,n) = /Ooof(r, n)~'dr, f(r,n) = ZLm /T_I:O Ff*(s,m)ds. (A.3)
Operator K; in Eq. (A.3) is defined by the following equation [13]:
(Ko/)(s,m) = %nd ~9r) [ nomydm [ R () ) dm (Ad)
| |

Here d is the dimension of space, I'(s) is Euler’s gamma function, Q, is the surface of a unit sphere in
d-space, n,m, 1 are vectors on Q;. Tensor K(m) in this equation is defined in Eq. (2.6).

After applying the Mellin transform with respect to variable » to both sides of Eq. (A.1) we go to the
following equation

A" (s,n) + (K - (c1A)7)(s,n) = —(K;c) (s, m). (A.5)

Direct calculations using Eq. (A.4) show that the right-hand side of this equation has the form:

(K,c})(s,m) = clc (Os) T(s,n), T(s,n) = ﬁ (U—sn@n), (A.6)

where U is the unit two rank tensor.
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It turns out that Eq. (A.5) may be satisfied by the following tensor:
A*(s,n) = a’(s)(d — s)T(s,n). (A7)
After substituting Eq. (A.7) into Eq. (A.5) and taking into account that
1
(K, - T)(s,m) = —T(s,n) (A8)
0

we obtain an equation which both sides are proportional to the tensor T(s,n). From the equivalence of the
coeflicients in front of this tensor in the right- and left-hand sides of this equation follows the equation for
the Mellin transform of the function o*(s):

s(d — s)o"(s) + cios(cla)*(s) + % (c1Dx)(s) = — Ci(os) ., D=r. (A.9)

Applying to this equation the inverse Mellin transform and taking into account that multiplier s corre-
sponds to the operator D in the r-space we obtain the ordinary differential equation for the function «(r).
Function «(r) should satisfy the following conditions in the origin and at infinity:

a(0) < oo, a(r)—0 if r— oco. (A.10)

If function «(r) is constructed, tensor A(r,n) takes the form:
A(r,n) = (U+n®nD)u(r) (A.11)

that follows from Egs. (A.6) and (A.7).
The differential equation for a(r) is dramatically simplified in the case of spherically layered inclusions.
In this case ¢(r) is a step-wise constant function

a(r) = c(li) =const, «a

D <r<d?, (A.12)
and the differential equation for «(r) inside every layer takes the form:
D(d+D)u=0, a"V<r<a (A.13)
The general solution of this equation is:
a(r) = ) + 10, (A.14)
Additional analysis shows that on the borders of the layers the following conditions hold

(], =0, [eDa], = —(1+ a(a"))[c].

1

(A.15)

Here [f], = f(a? +0) — f(a®? —0), f(a®? £0) =lim,_f(a? +e), &>0.

The mentioned properties of the solution in the case of layered inclusion allow to propose the following
algorithm of the construction of all the constants Yl@, Y'z(i) (i=1,2,...,N) in Eq. (A.14). Let us introduce
two vectors inside every ith layer:

: (A.16)
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The connection between these two vectors has the form that follows from Eq. (A.14)

X0 =T()Y?, oY <r<a; (A17)
1
SO |

Thus, one can defined the operation of the transition of the solution X through the ith layer
X(t')(a(l)) = R(1>X<i)<a(ifl))7 RO — T(a(D)T(a(ifl)). (A.18)

The law of transition of the solution through the border » = ¢/ between two layers follows from Eq.
(A.15) in the form

XED (g0 = FO 4 PO x40y, (A.19)
. A 1 0

F(l) = || @)D ], F(l) = || ¢ —clitD) ) (AZO)
cli+1) (i) i)

These equations allow us to define the solution in the ith layer via the solution in the first layer
X<i+l)(a(i)) =g 4 G“)X(l)(a“)), (A.21)
g(l) = F(l) + Z Gg(la])FO)v Gg(l7]) = Q(1>Q(171) e Q(171+1>7 (A22)
Q) = TRV G = QU QiD ..o R = U = |6,

Now, from the boundary conditions (A.10) we obtain

Xl(]) _ Ylm’ Xz(l) =0; Yz(l) =0;

XI(NH) _ YZ(NH)r,d, X2(N+1) _ _dYZ(NH)r,d’ YI(N+1) -0 (A.23)
From Eqgs. (A.23) and (A.21) we have

g+ G =M@ g G = @) (A.24)
Excluding Y2(N+1> from these two equations we obtain the constant Yl(l) in the form
o™ 4 o™
Yl(l) _ gzN) Jng(N) ' (A.25)
dG); + Gy
After calculation of Yl(l) one can fined all the vectors Y¥ from the equations
YD = 771 (gD x D (g9), XD (g0) = g 4 GOy ¥y = (¥ 0} (A.26)

that follow from Eqs. (A.17). Thus, the problem is converted to the multiplications of the matrixes and
vectors of the order (2 x 2) and 2.

Using these algorithms the solutions of the problem for the inclusion with a continuous property
changing along the radius may be obtained by step wise constant approximation of the original function
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¢(r). For the solution of the problem with parabolic distribution of the properties along the radius of the
inclusion considered in Section 5 and 6, the following parameters of the layers were chosen a') = +
i=1,2,...,N; ¢;(r) = 10(a?)*, a) < r < a®. If N > 100 the solution does not change practically when
N increases. In the calculations in Sections 5 and 6, N = 1000 was taken.
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